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Ground States of the Spinless
Falicov—Kimball Model. 11
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In this paper we continue our investigation of the ground states of the spinless
Falicov—Kimball model in the plane of chemical potentials of the two sorts of
particles involved. We obtain a number of general properties of the phase
diagram. We also derive an expansion for large values of the coupling constant,
from which we deduce results concerning particular states.
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1. INTRODUCTION

This paper is a complement to our earlier work,") in which we studied the
zero-temperature phase diagram of the spiniess Falicov—Kimball model.
This model was originally proposed by Falicov and Kimball‘® to describe
a metal-insulator transition in solids. Later it was realized that the
Falicov—Kimball model is also of interest to study mixed-valence
phenomena and crystallization effects.*

The system consists of noninteracting spinless fermions (here called
electrons) on a lattice. These particles move in a potential assuming only
two values + U at each site (here interpreted as the presence or absence of
a classical ion). The density of ions and electrons can vary and is controlled
by the corresponding chemical potentials u, and ..
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In ref. 1 we used the moment method of Tchebycheft and Markov to
determine domains in the plane of chemical potentials where the configura-
tions of ions which minimize the energy of the system can be found.
However, this method yields domains whose boundaries extend to infinity,
while it is intuitively clear that they should remain bounded. Here, in
particular, we fill this gap.

In Section 2 we define the model. Then in consecutive subsections of
Section 3 we present new results concerning the phase diagram together
with their proofs. We also give a summary of the results previously
obtained. Section 3.1 is devoted to symmetry and other general properties
(independent of the value of the potential, of particular configurations of
ions, and of the boundary conditions). Then in Section 3.2 we consider
specific configurations of the ions, mainly the three following cases: the
empty configuration, the fully occupied configuration, and the chessboard
configuration. We consider the results obtained for the first two configura-
tions particularly interesting, They reveal the distinguished role played by
these two configurations in constructing an overall picture of the phase
diagram. In particular, they imply that any other periodic configuration of
ions can be a ground state only for chemical potentials which are strictly
inside the domains represented in Figs. 1 and 2 (except for the trivial situa-
tion where all configurations have the same energy). For example, the
chessboard configuration cannot be a ground state for values of yu, which
are inside the energy bands of the chessboard Hamiltonian. Finally, in
Section 3.3 we derive an expansion of the ground-state energy with respect
to U~!. This expansion enables us to deduce some more details of the
phase diagram for very large values of the potential. In particular, the
results obtained in Section 3.3 prompt us to conjecture that the phase
diagram of the 2-dimensional Falicov—Kimball model has a devil’s-staircase
structure.

2. THE SPINLESS FALICOV-KIMBALL MODEL

The model is defined on a finite cubic lattice A<=Z" by the
Hamiltonian

H= % t,afa,+2U ) W(x)afa,—p.N.—i;N, (1)
x,yed xed
where a7, a, are the creation and annihilation operators for electrons

at site x (afa,+a,af =9,,). The hopping matrix element ¢,, is given
by t,,=1if [x—y|=1 and zero otherwise. The variable W(x) is 1 or 0
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according to whether the site x is occupied or unoccupied by an ion. N,
and N, denote the numbers of electrons and ions, i.e.,

Ne: z a;axa Ni: z W(X) (2)

xeA xeA

and p,, y, are the corresponding chemical potentials.
For symmetry reasons it is convenient to introduce the spin variable
§5,=2W(x)—1 (s,= +1) and to rewrite the Hamiltonian in the form

H(S)= Z hxy(s)a;ay_ﬂeNe_(ﬁi-i_U)Ni(s) (3)

where

ho(s) =1+ Us, 0, (4)

is the matrix element of the single-particle operator
h(s)=T+ US (5)

and
fo=tp— U, fpi=pu—~U (6)

In the following we shall concentrate on the ion subsystem. It is thus useful
to introduce the effective interaction F(s) between ions in the configuration
s. This interaction is defined by means of the grand canonical partition
function Z ;:

Z,=Y Trexp[—fH(s)]= ) exp[—BF(s)] (7)
{s} {s}

The sum is over all possible ion configurations; the trace is over the
211_dimensional electron Hilbert space.

The effective interaction F ,(s) depends on the temperature f~! and on
the two chemical potentials i, and ;. Since we want to consider only zero-
temperature properties of the system, we introduce the zero-temperature
energy in the configuration s:

S 1 .
E (i, f;s)=—7 lim F,(s)

[A] 8o
=ﬁ Y LG9 - AT+ Upls)  (8)

e(J,8) < fle



916 Gruber et a/.

where ¢(j,s), j=1,..,]4|, are the eigenvalues of A(s) and p;(s)=
(1/]4]) N;(s) is the ion density in the configuration s.

The function (., {i;) = E ,(d., [i;; s) is continuous and concave on the
whole plane of chemical potentials and differentiable almost everywhere.
Along the lines parallel to the [, axis this function is linear with the slope

oL,
Oft;
Along the lines parallel to the fi, axis the function (8) is constant below the
lower edge of the spectrum of A(s) [ =spec i(s)] and strictly decreasing

above this value. Its slope defines the electron density in the con-
figuration s,

(fes iz 8)= —pi($) ©)

0E, . . N
= e s $)= —p(L3 8) (10)
He

everywhere except at the points of spec A(s).

In the next section we study the phase diagram in the (ji,, fi;) plane.
We consider mainly the ion subsystem, i.e., for a given point (f,, fi;), we
look for the configurations s of ions which minimizes the energy density (8)
(concerning the electron subsystem, we try only to control the density).
This amounts to constructing the lower concave envelope of the set of

functions {E ,(fi., fi;; 5)}, ie.,
E 4(fie» ;) =min {E (L., fii35)} (11)

which is the ground-state energy density of our system at the point (i, f,).
This function has the same properties as the functions E ,(ii,, fi;; $), except
that along the lines parallel to the f; axis it is piecewicse linear and along
the lines parallel to the fi, axis the lower edge of spec 4(s) has to be
replaced by —2v— U. Hence the ground-state electron density p2(fi,, fi;)
and the ground-state ion density p?(il., fi,) are defined almost everywhere
by the counterparts of (9), (10). To be more specific, we define the set of
finite-volume ground-state configurations (g.s.c.) at (., fi,):

GA(ﬂe’ .&z)z {S,:EA(ﬁe’ ﬁi;sl)zEA(ﬁea ﬁl)} (12)

Obviously, at any point (f,, g;) the set G 4(fi,, {i;) is nonempty. In general
at (f,, fi;) the left and right partial derivatives of E (., fi;) are different:

aEA(ﬂe’ /Iz)

a~— = — mlp~ p;(ﬂe’ﬁi;s) (13)
i, s€ Galfle, i)

E (a 5 ~i 77 m ]
M= —  max p;‘(,ue,[,ti;s), a=1ie (14)

Ofiy s€ G e, /)
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The densities p.(f,, ii;) are defined if and only if the left and right
derivatives are equal. This means, in particular, that p(i,, ji;) is defined if
and only if p,(s) is the same for all s G ,(4,, ji;).

In general one is interested in properties of the infinite system. There-
fore, taking the thermodynamic limit 4 — Z*, we define

E(f., ﬁ,-;S)=A1imZV E (fis i) (15)
and
E(fip, i) = lim E,(f,, ) (16)

Assuming the limits exist, these functions share the properties of their finite
system counterparts (continuity, concavity, differentiability almost
everywhere). At each point (f,, fi,) they have left and right derivatives that
are limits as 4 — Z* of the corresponding finite system quantities. Finally,
we define the set of g.s.c.:

Glfies ) = {5: E(Bes £) = lim E(Reo fis )] (17)

The phase diagram is then a partition of the (ji., {i;) plane into domains
with the same set G(ji,, fi;) of ground-state configurations.

3. PROPERTIES OF THE PHASE DIAGRAM
The results obtained can be classified into three types:

1. Symmetry and general properties (valid for all values of the
coupling constant and all configurations, and independent of the
boundary conditions).

2. Results for specific configurations of the ions (s*: s, =1 for all x;

s7:s,=—1 for all x; and s, 5,5, = —1 for any pair of nearest
neighbors; for v=2, s, is a chessboardlike configuration).

3. Results obtained from the expansion of the effective interaction
with respect to U~ 1.

3.1. Symmetries of the Phase Diagram and
General Properties

Property 1. If seG(ji,, #;) with densities p, and p,, then
—se G(—f,, —ji;) with densities 1 —p, and 1 — p,, respectively.
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This is a consequence of the equalities
E(f,, fi;;8)=E(—fi., —fi;; —5)— (& + i)

(18)
pe(ﬁg;s)=1—pe(—ﬂe; —5)

which are obtained by means of the hole—particle transformation for both
sorts of particles.) Therefore, it is sufficient to study the phase diagram in
a half-plane of the (fi,, fi,) plane, for instance, i, >0. For f,=ji;=0 the
system is invariant under the hole—particle transformation and at this point

pe=pi=1/2

Property 2. If seG(f,, fi;; U) with densities p, and p;, then
—seG(fi,, —fi;; —U) with densities p, and 1— p,, respectively.

This property is derived in a similar way as the previous one. It
enables us to restrict our considerations to positive U. From now on, we
assume U >0.

It follows from the concavity of the function (f,, {i;) = E(f,, fi;)} that
the functions f,— p.(jii., &) and f,— p,(f,, ;) are nondecreasing.
However, slightly stronger statements can be formulated.

We consider first variations of p; along vertical lines in the (f,, &,)
plane, ie., constant f,.

I

Property 3. For ;> fi; and s" € G(ji]'), then either 5" € G(fi}) or

p:(s")> sup p;(s)

seG(E)
Since fi, is held constant, (8) yields

E(f7; s)=E(fi;; s) — (& — 7)) pu(s) (19)

Therefore

E(if;s") — B3 )

=By s") = E(i s") = (A7 — a)Lpi(s") = pi(s')] (20)
For s”eG(ji’) the left-hand side of (20) is nonpositive for all s’. If
s" ¢ G(fi;), then E(f;;s")— E(fi;;s')=6>0 for any s’ in G(ji;) and thus

i > fi; implies p;(s")> p;(s’) for any 5" in G(j;).
Then, using Properties 9 and 11 derived below, for any f, in the strip

[ﬂe' <ﬂe=max{6’ U—2V}
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(where ¢ is given in Appendix B), there exist values of f, where the
chessboard configurations are the only periodic g.s.c.; we thus have the
following consequence of Property 3.

Corollary 1. 1If |3,| <f,, then ecither p,=1/2 and the chessboard
configuration is the only periodic gs.c., or p;# 1/2. Furthermore, for the
chessboard configuration, p, = 1/2, since g, is in the gap of spec A(s,,).

A property similar to Property 3 holds along horizontal lines in the
(., fi;) plane, ie., constant [i;:

Property 4. For /> ji, and s” € G({i.), then either s” € G(fi,) or
plfic;s")> sup p.(f;;s)
se G(fi)
Indeed, if the function E(f,) is nonlinear in the interval [, i/ ], the
result is immediate, since concavity, (13), and . > ji, imply

sup p (fe;s)< inf p (A5 s)<p (A s)
se G s€G(i;)
On the other hand, if E(j,) is linear on this interval, and s” ¢ G({.), then
the result follows again from concavity.

Before we formulate the next property, we need to make a few
observations. Let s be some ion configuration and let us add to s a certain
number of ions to obtain §. This implies that A(§)=Ah(s)+ U 4S, where
4S8 is a positive operator. Consequently, &(j, §) = ¢e(/J, s), j=1,..., [4], and
the number of eigenvalues of A(5) below a certain level fi, is not greater
than the number of eigenvalues of /i(s) below this level. Introducing the
support of s (={xe A |s,=1}=supps), we then have

Pelle; ) Spelfles;s)  if suppS>supps (21)
In particular, for any s,
Pllle; $T)<Pelfle; S) S pelfie; s™) (22)

The next observation is that we can express E(d,, fi;;s) in terms of
Pefic; s):

B i) = = | dupolas )= @+ U) p,(5) (23)

Therefore, for any s, §, the inequality E(f,, ii;; §) < E(f,, {i,; s) is satisfied
if and only if

[ i (o )= 0 91 < B+ Do) ~p)] (24)

— o0
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Now, if s and § are such that supp s csupp §, then p,(4.;s) — p(fi.;5) =0,
p:A5) > p;(s), and (24) yield

if E(i);5)<E(fi.;s), thenfor "fi,<f, we have

fﬂe dp Lplp; )= p it 5)] gf

Fil
— —

T odu s s)—pps5)]

<@+ U)p:(8) —pils)] (25)
ie., E(fi,;5) < E(f,;s). Summing up, we have the following result.

Lemma 1. If suppsosupps and E(d.;35)> E(jfi,;s), then

"

E(fi;; 5)> E(ji;; ) for fi; > fi..
We are now ready to establish the following result.

Property 5. For i) > j, and s" € G(j1), then cither s” € G(fi,) or 5"
cannot be obtained from s"e G(i.,) by adding ions.

Suppose, on the contrary, that supp s” = supp s’ for some s’ € G(fi,). If
s"¢G(fiL), then E(fi,;s")> E(ji.;s’); hence, according to Lemma 1, we
have also E(d];s")> E(fi,;s’), which is in contradiction with the fact that
s" e G(i;).

This last property together with Property 3 implies immediately the
following result.

Corollary 2. Ifs* e G(4,, d,), then s* e G({i,, fi;) for every (fi., ii})
contained in the closed quadrant intersection of the two half-planes i, < i,
and fi; > fi,.

A similar property holds for s~ with i, > f, and i, < ;.

3.2. Results for Specific Configurations

Let us start with a few remarks concerning the spectrum of A(s). For
U=0, h(s)=T, and its spectrum is in [ ~2v, 2v]. For U#0 and any s,
spec A(s)< [—2v— U, 2v+ U]. The two translationally invariant con-
figurations s* and s~ have particularly simple spectra which are obtained
by translation by + U of spec T. As might be expected, these configuration
fill most of the (ii,, fi,) phase diagram.

We quote first properties claiming that s* and s~ fill a few half-planes
of the ({,, ii,) plane. The intersection of the complements of these planes is
a bounded rectangular domain around the origin which is the only domain
where other configurations of ions can be g.s.c. First we consider two verti-
cal half-planes.
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Property 6. Let i,>U+2v. For ji,> U, s* is the unique periodic
gs.c.; for fi,< U, s~ is the unique periodic gs.c.; for ji,= U, any s is a gs.c.

To establish this property, it is sufficient to notice that if f, > U+ 2v,
then E(f,, fi;; )= —(@;— U) pi(s) — (U+ f1,), since (1/]4]) Tr §=2p,(s) — 1,
and Tr T=0.

Using Property 1, we can extend this property for negative values of
b, Let ji,< —U—2v. For fi,> —U, s* is the unique periodic gs.c.; for
fi,< —U, s~ is the unique periodic gs.c.; for ji,= —U, any s is a gs.c.

Now we consider two horizontal half-planes.

Property 7. For f;>U, s* is the unique periodic gs.c.; for
;< —U, s~ is the unique periodic gs.c. For f,=U (resp. —U), s*
(resp. s ) is a gs.C.

Indeed, according to (22) and (23),
E(fi,, fii; ) — E(fi,, s ™)

fe

= (U pi()+ ] dit Tpi's i )= pelb' B3 9)]
> —(fi+ U) pu(s) >0 (26)

for any s and J,< —U. The above inequality becomes strict for ji,< —U
and p,(s)# 0. Applying Property 1, we get a similar result for s™.

The set of points (fi,, fi;) where the g.s.c. are not known has been
reduced to the rectangle D=[—-U~2v, U+ 2v] x [ - U, U]. We will show
that this set is considerably smaller, since s* and s~ continue to be the
g.s.c. inside D.

It was proved in refs. 4 and 5 that at the origin s, are the unique
periodic g.s.c. More information was obtained in ref. 1. By means of the
moment method of Tchebycheff and Markov we obtain the following
regions in D, where the configurations s*, s, and s, are the gs.c. (Fig. 1).

Property 8. For [, in the vertical stripe —U—2v<f, <U—~2v
and fi,> f,(@i.), s* is the unique periodic g.s.c.; for @, = f, (i), it is a g.s.c.

The precise form of the function f, is given in Appendix B.

Actually, in ref. 1 we considered the case v=2. However, the results
remain valid for v 2. The necessary generalization of the expressions used
in ref. 1 are given in Appendix A.

The counterpart of Property 8 for s~ follows from Property 1.

Property 9. For —o </, <0 and
A LCWU)—DWU)]+b(U) < g, < i LCU) + DU)]+ b(U)
s, are the unique periodic g.s.c.
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Fig. 1. Location of the s*, s7, and s, configurations in the (j,, ;) plane for v=2.

The coefficients C(U), D(U), b(U) and the parameter ¢ are given in
Appendix B.

Again Property 1 is used to extend the above domain to positive
values of ji,. Since ¢ < U/3, then —g¢ is in the gap of the spectrum of A(s,,)
and p,=1/2.

The above properties of the configurations s*, s~, and s, are
summarized in Fig. 1.

The properties listed above are valid for all U. However if U is
sufficiently large, new general (configuration-independent) features of
spec h(s) arise. They enable us to formulate additional properties of the
phase diagram.

Using the operator inequality®

R s)= (U—2v)?  if Uz2v (27)

we conclude that the eigenvalues &(j, s), j=1,.., |4], of A(s) satisfy the
inequality

le, )| = 1U=2v]  if Uz2v (28)

This means that for U>2v, a gap [—U+2v, U—2v] opens in the
spectrum of A(s) for any s.

Property 10 (U>2v). If i, is in the gap, ie., |fi.|<U—2v, then
for any se G(f,, fi;; U), we have

pls)+pi(s)=1

This property is an immediate consequence of the following lemma.
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Lemma 2. Let U>2v and N,(s) denote the number of ions in s;
then the number of negative eigenvalues of (s} is n _(s) = | 4] — N,(s). The
number of positive eigenvalues of A(s) *s n (s) = N,(s).

To establish this lemma, we adapt an argument from the proof of
Theorem 2.1 in ref. 4. We note that for any configuration s we have the
orthogonal decomposition of the single-electron Hilbert space:

A (A)= A (supp s) @ # (A\supp s)

where »#(supp s) is generated by vectors whose support is in supp s,
dim 3 (supp s) = N,(s). If U> 2v, then zero is not an eigenvalue of A(s) for
any s (28); therefore,

n_(s)+n.(s)=|4] (29)
This induces another orthogonal decomposition:

H(A)=H, (5)DH_(s)

where #, (s) [#_(s)] is the subspace generated by the eigenvectors of A(s)
whose eigenvalues are positive (negative), dim 5, (s) =rn, (s). Suppose that
n_(s)<|A] — N,;(s). Then there is ¢ € 5 (A\supp s) N H#,_(s). For this ¢ we
have

(@, h(s)p)>0

and

(@, h(s) @)= (9, To)+ U, So)
<ITIlel> = U lel*=@2v—-U) |elI*<0 (30)

which is a contradiction. Thus, n_(s)=|A| — N,(s). A similar reasoning
gives n_(s)=|A4] —N;(s). These two inequalities together with (29)
conclude the proof.

Property 11 (U>2v). Let f,, i, be in the gap, ie, [d.l
[fie] <U—2v; then G(f,, i;)=G(f,, ;) if g,— f;=j,— A, ie, the gsc.
are the same on the lines [, — /i, = const.

Indeed, if f, is in the gap, then the sum in (8) can be taken over
&(J, 5) < 0. Since

1 . 1
L 9 =Upis) =

(j,5) <0

Tr [A(s)] —EU
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and p,(fi.;s)=1—p,;(s) (Property 10), the energy (8) becomes

Bl i5) = (i 1) ,(5) =3 Te ol (74 5) )
Therefore the difference E (., fi;; ') — E 4(fi., fi;; s) is constant along the
lines i, — fi,=const.

If U>2v, Property 11 together with Property 9 enables us to extend
the domain where s, are the gs.c. Namely, s, are the gs.c. in the
parallelogram obtained by translating the segment that is the intersection
of the fi, =0 line with the region described in Property 9 across the gap
parallel to the fi, = f, line.

The consequences of Properties 10 and 11 are summarized in Fig. 2.

To conclude this section, we shall show that for any ion configuration
s there exists a rectangle in the (fi,, ji;) plane, strictly inside D, such that
s cannot be a gs.c. for values of (fi,, fi;) outside this rectangle.

Property 12. 1. For any configuration s there exist critical values
go(s)in 1—=U—2v, U+ 2v[ and f$(s) in ]—U, U[ such that (Fig. 3)
E(s")=E(s™)=E(s) for [, =fys), [ =pis)

Furthermore, for any s+#s*, then s¢ G(i,, i;) if (i, fi;) is strictly
inside D, but outside the closed rectangle defined by the points
(), i5(s)) and (—jg(—s), — A7 (—s)).

2. If s= —s, the above rectangle is centered at the origin.

R’ | |
{ |
| 1

L J

cb

u

.
t
U4 U -Usa U-a U k4 e

{1y

D

G
| ]

| pi(s) + pels) =1

I I

i

i

Fig. 2. Phase diagram for U>2v, v=2.
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Ky

Fig. 3. The curve f,(4,) defined by E(s™)=E(s™).

Let us first recall that for ji, = U+ 2v, we already know that E(s*) =
E(s™)=E(s) if ji;= U, for ji, < —(U+ 2v) the same is true if j,= —U.

We shall establish this proposition by proving several simple lemmas.

From (23), together with the value of E for fi, = U + 2v, we obtain first

[ dupl ) =29+ 2011~ p,(5)] (32)

— o0

Then, from the symmetry properties

pe(ﬂe;s)—f_pe(—_ﬁ'ea _S): 1

(33)
pi(s)+pi(—s)=1
and (32) we have
E(ﬁe: ﬂz: S) —-E(.ﬂe’ ﬁz: -S)
- - ﬁt’
= A= aL1=2p(=91+ | dupp; —s) (34)
—fe
Therefore E(f,, fi;; s)= E(f,, fi;; —s) if and only if
- . e
AL=2p, (=)= —fic+ | dup.ps —s) (35)
—He

Furthermore, the function f;=j,(i,; s) defined by (35) is nondecreasing
with i, if and only if p.(f,; —s)+p(—f,, —s) 21, ie, if p.(f,; —s)=
p.(fi.; s). This will be in particular the case for s=s7; indeed, p (i, ;s )=
p(f,+2U;s" Y2 p(f,;s™), since p, is nondecreasing with fi,. Therefore
we have the following result.

Lemma 3. The equation E(f., {i;;s)=E(f,, fi;; —s) defines a
function f;= f,(fi,) which divides the (f,, fi;) plane into two domains,
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one where E(s)< E(—s) the other where E(—s)< E(s). Furthermore,
flde)= —f(—p.) and [f(f)=U for f, =supspech(s). The curve
;= f,(f,) associated with E(s*)=E(s~) is strictly increasing for
fge[-U—-2v,U+2v].

Let us then introduce the following definitions: with s any periodic
configuration we associate first the function

Gp)= " dup.s) (36)

ie.,

Gy(fi,)=E(fic, fi;; )+ (f;+ U) py(s)

—fm Y [ (37)

&(s) < fle
Notice that

for .ae > Sup spec h(s): Gs(ﬂe) = U[zpt(s) - 1] _:ae
for g, <infspec i(s): G, (fF,)=0

Since

inf spec A(s)>infspec A(s )= —2v— U

we can define ;= ji‘(s) and fi{ = j{(s) by the equations

G (ag)=[1—pi(s)] G_(@5) +pi(s) G, (&) (38)
G(f,)>[1—pi(s)] G_(f)+p,(s) G, (,), —v-U<f,<fg (39)

and
A+ U)=G  (5)—G_(f) (40)

Let us remark that for g,> U+ 2v
Gs(.ae)= U[zpl(s)_ 1] _ﬂe fOI' all §
and thus

Gfi)=[1—p,()]G_(A.)+p.(s) G, (i)
for |ji,|>U+2vy
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On the other hand,
Gs(ﬂe) > [1 —pl(s)] Gf(.ae) +pI(S) G+(ﬂe)
for jf,e J2v— U, infspec i(s)] u [sup spec A(s), 2v+ U[
and thus
—y-U<i, <v+U
—-U<iigU
Lemma 4. For any periodic configuration s, we have
E(iS, s s*) = E(RS, i s ) = E(ES, 153 9)
Indeed, from (37),
E(35, 15 57) =G, (A9 — (85 + U)
E(f, 587 ) =G _(q)

together with (40), this gives E(s* )= E(s™).
Moreover,

E(fic, i7; ) = G (i) — (7 + U) py(s)
and (38) yield
E(fg, iy s)=[1—pi(s)] E(ft, A5 57) + pils) E(fg, 73 5™)
which concludes the proof.

Lemma 5. For any periodic configuration s, then s¢ G(f,, fi;) for
A <fi(s) and any .
Indeed for fi, < fil(s), (39) yields
E(ﬁe? ﬁi;s)> [1 _pz(s)] E(ﬂes /ji;si)“i_pi(s) E(ﬂ'e’ .ﬁ[;s+) (43)
Therefore

E(fi, fi;; ) >min{E(s "), E(s )}

Lemma 6. For any periodic configuration s, then s¢ G(j., i,) for
fi;< fi(s) and any f,.

Indeed, let us consider ;< f{(s) and fi,e[g, (f), ic] (see Fig. 3),
where f,= g, (fi;) is the curve defined by E(s* )= E(s ). For this value

822'66:3-4-16
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(i, &;) we know that E(d,, fij; s~ ) < E(fi,, fi;; s) and thus Lemma 1 yields
E(f;, ii;s™) < E(ii;, fij; s) for any ;> fi,.

Repeating the same argument with the configuration —~s, and using
the symmetry property, we conclude that

SEG(i, i) for A,> —fd(—s) (any L)
andfor i,> —{(—s) (any A,)

All these results have been summarized in Property 12 above.
From the above lemmas we can also deduce the following result.

Corollary 3. (a) If il(s)= U+ 2v, then s is a g.s.c. only on the tri-
vial half-lines |Z,{ =U, || = U+ 2v.

(b) 1If is(s) < U+ 2v, then either:

L Gy(f) < Gyy(fi,) for it <fi, < S +3; or

2 Gfl) = Guunlit,) for i <fi, < S +8; or

30 Gy(L) > Gunld,) for 46 < A, < S +9;
where

Gmix(ﬁe)z [1 _pz(S)] G——(ﬂe) +)Oi(s) G+(ﬁe)

The corresponding reduced phase diagrams relating s™, s~, and s
around (¢, fi¢) are represented in Fig. 4, where (1) on the hatched domain,
E(s)<min{E(s*), E(s7)}; (2)on the thick like, E(s*)=E(s™); (3)

~C e

(fie, @) is the only point where E(s)=E(s*)=E(s ™).

Remark. For configurations such that p,(s)=1/2, Eq. (35) yields
the following sum rule:

fle
ﬂﬁf dup(;8)
He
which should be useful as a test for numerical investigations.
For the special case of the chessboard configuration (v=2), we can

then give explicit values of fi, for which s, cannot be a gs.c.

Property 13. For the chessboard configuration in two dimensions,
we have the lower bound jiS(s,)> —U if U>4.12, and thus s, cannot be
a gs.c. for ji, smaller then — U, the lower edge of the gap of spec h(s,;).

(We conjecture that this property remains valid for all values
of U>4.)
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Indeed, if U=2, then G_(i.,)=0 for fi,< —U and the slope of
G _(fi,= —U) is —1/4. The concavity property of G,(f,) then yields a
simple sufficient condition for {i(s.,) > —U (see Fig. 5), namely

. 1
Gcb(.ue: ~U)>EG7
2G_ - U< —(16+ U*)'*=inf spec h(s.;)

where G_ =G _(fi,= —U), from which we have

1
Geplfie=—U)>5G_

Us G* —4
G_
A straightforward calculation yields
8
G_=——
- 2

On the other hand, using a linear bound for the spectrum of s,
g;(cb) = [4(cos k,+cosk,)*+ U] <a+b |cos k, tcosk,|

we obtain
[ _1 8 2y1/2 8 2y1/2
Goplf.= —U)> — U{l——)+16+UH+(==2) @4+ UV
272: T T

from which we have the bound (s, )> —U if U>4.12.

He

Fig. 5. Conditions for ii(s.,) > —U for v=2.
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3.3. Expansion of the Effective Interaction in
Powers of U~" (v=2)

To gain some insight into the domain of the chemical potential plane
where no rigorous results are available, we want to investigate in this last
section the properties of the phase diagram in the limit of very large U. For
this discussion we consider a finite two-dimensional square lattice and
expand the effective interaction E(f,, fi,;s) in powers of U™'. Then we
shall search for the ground states of the approximate Hamiltonian to
different orders. Although this approach does not yield rigorous results, it
will give some insight into the expected structure of the phase diagram for
large U.

To first order in U ™', we have shown in ref. 1 that E({,, f;; s) is the
Hamiltonian of the antiferromagnetic Ising model in a magnetic field, with
J= —1/4U and h=%(a,—f,). It is well known that this model has two
critical values of the magnetic field. Therefore, to first order in U™, we
conclude that for |fi, — fi,| <2U "' the chessboard configurations are the
only ground states, while for |, — i, >2U 'itis s or s—. Moreover, for
|fi,— fi,; =2U ' there is an infinite number of ground states with nonzero
residual entropy. [Let us recall that in ref. 1 it was proved that for
|, — i, < U™, s, are the unique gs.c. and for |, — &, >4U "', s* or s~
is the unique g.s.c., for the exact interaction E(i,, fi;; s).]

The question then arises: what is the effect of the higher-order terms?
It is not difficult to see that all the even terms of the expansion vanish.
Thus, to answer this question, it is necessary to go at least to order U3,

The first part of our derivation holds for any v. We assume that U > 2v
and |f,] <U-2v. In this case E(fi,, d,;;s) is given by (31), and thus we
have to expand Tr |A(s)|:

Tr |a(s)| = Tr[h*(s)1> = Tr[(T+ US)*]*=U Tr(1 + 4)"*  (44)

where
A=U"'J+U T3 J=TS+ ST

To obtain the terms of order U >, we expand (44) to order 4 in powers
of 4:

4 A% 43 544
Trlh(s)=UTr|{l4+z——+—~— =
T {A(s)] r( +2 8+16 128)+0(U )

tJ* 3 gt 5 J*

—cu+Tr (sl 2 -
* r( 83T 16 U7 128U3>+0(U )
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1
= ———T 2
cU T r(TS)

1 3 2 5 4
—=Tr(T.
16U3 [Tr(T STS)+ Tr(T25)? 2 r(TS)
+ O(U™?) (45)
with C a constant independent of s. To compute the traces, we take v =2.
For this case we obtain

L 19
IAIE(ue,ui,s,U)—z(ue u)2s+<8U 32U> Yoo,

xeA x,yed
[x—yl=1

3 1
Y. sxsy+1—67]~3 Y s,

+
32U3 x,yeAd x,yeA
lx—~yl=4/2 lx—yi=2
5 U Al .
+ 16U3 P%:A styszs 2 - P (ﬂe+ﬂi+ U)
oU~) (46)

The summation in the last term goes over the unit squares ( =plaquettes)

of A.
Since [i, is inside the gap [ — U+ 4, U —4], we can take ji, =0 without

any loss of generality (see Property 11).
Introducing the variable & defined by

2.8
Hi v R

and the rescaled Hamiltonian

H'(s)=16U" |A| E(fi, =0, ji,;s)+8U? | 4]
we have

H'()=Y ¢p(s)+2 Y  s.5,+0U?) (47)

|x—=yi=2
where the four-body interaction is (see Fig. 6)
g =—80—~7 if s=35,
_ Jey= 465 if s=35,
drls) = e3=29 if s=35;
oU?) otherwise
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o O ® O ® O
o O O O c e
(3,) 3,) ;)

1

Fig. 6. Configurations on plaquettes P; (®) —1, {(O) + L.

Therefore, in the limit of large U we consider that the configurations with
# p(s)=O(U?) are forbidden, and we neglect the terms of order U2 in
(47). We then try to express H'(s) as an m-potential,® ie.,

H'(s)= 3, ¢5(s)
Bc A
where sq€ G 4({,, ;) if and only if ¢ g(sy) < dp(s) for all B and s. For this
purpose we rewrite H'(s) in the form
H'(s)=Y §o(s)+Y ¢als)
P B

where

JP(S):¢P(S)— Z Sx5y+gzsx

x,ye P xeP
lx—yl=1

and B=(x, y, z), where the three sites are nearest neighbors, vertical or
horizontal,

h
Gp(s)=2(s.5,+ 5,5, +5,5.) ~% Y s,

xeB

and £ can be arbitrarily chosen. We then have for the 4-body potential (see
Fig. 6)

E1=@p(5))= —85—15+h
By =¢p(5,)= —40 —5+h/2 (48)
8y =g p(53)=37
and for the 3-body potential (see Fig. 7)
€1 =py(s1)=6—h/2
e, =@5(s2) = —2—h/6 = ¢ g(s}) (49}
ex=dp(ss)= —2+h/6
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(o o o) (o e 0) (oo e) (o 0 @)

(s)) (s}) (s]) (s,)

Fig. 7. Configurations on bonds B= (x, y, z).

Therefore (see Fig. 8):

1. For h=84+85<0, then e, <es<el, § =8 <&, and thus for
o< —21/2, s, is the only g.s.c.

2. For h=844+80€]0,24], then e)<e}, e3<e], &,=8 <&, and
thus for —21/2 <8< —15/2, 5, is the only gs.c.

3. For h=84+486=0, then e¢)=e,<e], & =28, <&, and thus for
0= —21/2, there is an infinite number of gs.c., characterized by
the condition that on each B the configuration s} is forbidden.

4. For h=24 and 26 > 1, then e] =¢) < ey, & <&,, and &; thus, for
6>1/2, s* is the only gs.c.

5. For h=24 and 26=1, § =&,, and thus for d=1/2, there is an

infinite number of gs.c., characterized by the condition that on each
plaquette there is at most one site with s, = —1.

To find the g.s.c. in the remaining domain é € 1—15/2, 1/2[, we rewrite
H’ in the form

H/=Z¢;+Z¢B‘+Z”¢B"+Z;’¢B’”

where B’, B”, B” denote bonds with 3, 6, and 8 points (see Fig. 9) and
Gp=2s,8,+5.5,+5,5.)—4) s,

=K Y s.s5,+K Y s5.5,—-3KYs,
|x—pj=2 jx—yl=1 x (50)

1 1
¢B,H=5(1—K) Y sxsy—z(l—K)gsx

[x—yl=2

7 7
P=¢p—2 ), sty_EK Y sxsy+<4+§K>st

lx—yl=1 [x—yl=1

O00000

000000

Q00000

Q00000

O00C0O0

000000
-

p,=1

p,= 2/3

Fig. 8. Ground-state configurations at the order U~3 for v=2.
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o

m e e e s

Fig. 9. Bonds B', B", B”.

and K can be arbitrarily chosen. We thus have (see Fig. 6)

el =¢p(5;)= —86+5
&) = @(5,) = 40+ 3+ 7K (51)
e = u(5,) =33 + 14K

For 7K=2-45, we have ¢/ =¢;<¢e;. On the other hand, for
0< K< 1, the configurations which minimize ¢,, ¢z, ¢~ are those
represented in Fig. 10. Therefore for —5/4 <d < 1/2, the configuration s,
(Fig. 8) is the only gs.c. These results are summarized in Fig. 11a. At the
points u,=2U '—(212)U~? and u;=2U0"'+iU? the number of
ground states is infinite.

We were not able to find the gs.c. for 6e [ —15/2, 5/4]. However,
looking at the average free energy for several different periodic configura-
tions, we are led to conjecture that the ground states are those represented
in Fig. 11b.

We thus obtained the following results:

1. At the order zero, the line fi, = /i, separates the domain where s~
is the unique gs.c. from the domain where s* is the unique g.s.c.
On this line the number of g.s.c. is infinite.

2. At the order 1, this degeneracy is partially lifted and the line
i, = [i, decomposes into two lines, fi,= f;+2U !, which separate
the domains where s~, s,,, 5, are the gs.c. On both lines the
number of gs.c. is infinite,

(coo0)
00 0O o
(000) 00 0 ofe
[ e 00
00 00
(ceo)

Fig. 10. Configurations on B’, B”, B” which minimize the potentials.
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0 -2y gt By U T T
s

K

N
“

"
F T i i

Ky

20T -6u7 2uT-2u”?

Fig. 11. (a) Phase diagram obtained at the order U~3; (b) phase diagram conjectured at the
order U3,

3. At the order 2, this last degeneracy is again partially lifted: both
lines decompose into 4 lines which separate the domains where s,
—83, —S3, —S81s Sess Si5 52, 83, 87 are gs.c. On the lines which
separate (57, —s3), (=51, 5.), (s S1), (53,57) the number of
g.s.c. is infinite.

From this discussion we are led to conjecture that the phase diagram
of the 2-dimensional Falicov—Kimball model will contain an infinite
number of domains with a devil’s-staircase structure similar to the one
previously observed in 1 dimension.®

APPENDIX A

We give here a list of the various generalizations needed in order
to extend the results of ref !, obtained by the moment method, to v
dimensions.

The moments m,(k, s) are given by the same formula as in ref. 1 with
the following substitutions:

C11 1 v
. —1
¢ = N ;/:—/—1_ Z xSx e =V Z €y (A1)
cl;v = !
€2;(1,2,+)
Cas1.2,-) !
c2= 5 cZ;(i,j,i) IA[ z B} sx+(€[+ej) (Az)
N xeAd
62; —1,v,— -
(v=1Lv—) =0—-11" Y e
i, j,o
C3;1
-’ 1 -
Cy= . > CS;IZT/I" z sxsx+2eja C3=V IZC3;j (A3)
xed J
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cos k, ,
A=2 : , A=2Y cosk; (A4)
cos k, /=1
Cos(il +l}§2) cos 2k,
| stk oo (A5)
cos(k, | —k,) cos 2k,

In the vicinity of s =15, we have the same relations between the correla-
tions ¢;, ¢,, and ¢, as in two dimensions. For instance, we derive the
relation 3 of ref. 7: for any i, j, i # J,

0<1+ %(03;5“‘ 1) —(Copjivy T Coijimy)

Hence
0< Z [1+3(caitca )= (Cam)+ Cay )]
i<j
=v(v—=1)24+v(v—1)c3/2—v(v—1)c,
ie.,
l+c3—2¢,20
APPENDIX B

Here we define the quantities that appeared in Properties 8 and 9. The
function f,(f,) that gives the boundary of the region where s* is the
ground state has the form

2

Foli)= U+ T

_ . o
oy (U+2v+ue)L21 &'k QU +2v — A)

(zﬁ)f Ak (A+]1,)|A— U+, (B1)

where
Dy ={k | A(k)<2f1,—4}, 2,= 1[0, 2n]"\9,

The parameters that enter into the linear functions that bound the region
where s, are the g.s.c. are
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3v
_ v 2 =32 g

qULwhyjdku+A/U) oYl 7

U? A*(2e+7) 3y
D(U) = Ty v
) (2n)vj ee+y)? V== 2U? (B2)

U? A? v
bU) =~ [ak -2 ~ L
) (271)“[ ele+y)v-=2U

where
e=(A*+ U?)"7?, y=U+2v
The parameter o that specifies the interval of admissible values of [, is

U
=3+ 2/30)
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